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WA2O10 5 Reference 2 THE HYBRID APPROAC

fR. Crsti, R.V. Monopoli

Electrical and Computer Engineering Dertment
University of hassachusettsAherst, Massachusetts

In this report, an algorithm for adaptive control E4] as well as self-tuning regulators [11
control of continuous time single-input single- have been devised. In [4] the adaptive Ins Kpti
Output systems is presented. With the hybrid are discretely updated at a fixed rate, ina
eppoch, the control structure involves a of saoles taken from the plant in a random
continuous as wall as a discrete tim part, fashion.
instead of being totally discrete or totally It turns out that the sampling schme is
continuous as In previous approaches. crucial in order to establish stability of the

The system is smpled and the adaptive gains closed loop system. In this paper, the system
updated at a variable rate varying with the is sampled, and the adaptive gains updated, at a
magnitude of the error Itself. variable rate according to the magnitude of the

continuous tim error itself. It is show that
the continuous tim error becomes smaller then

Introduction any bound, arbitrarily determined, after a finiteiu~r of adapttion tps.

The problem Is stated In Section 1, with the
The theory and application of Adaptive error model in Section 2. The adaptive law Is

trol Systm ave been a center of discussion discussed in Section 3, and Section 4 describes
in the last few years. Contim s-time 1], (6]. the sa1lng sch , w proof of stlity.
[7]1 [8], as well as discrate-tim 2], ], [],
[10] schemes have been devised, and stability has
been proved. t tia

In spite of the continuous-time nature of The following notation will be used:
real system, from a point of view of applica- ho1 s
tions, discrete-tim algorithms are preferred to vectors, Cal * *2 a;
continuous-time, due to recent advances in digital time delayoperator: ; d
technology. - differential omerter: p a N

However, the discrete approach is not closely - x(t) - OEy(t)] ff there exists a Positive
coupled to the continuous-tim behavior of real constant N such that Ix(t) I xI I(t) I.
plants, making a "hybrid" approach (partly dis- for any t;
crete, portly contimous) desirable. It is a wll - x(t) - oy(t)] 1ff jx(t)l 4 8(t)Iy(t)L
known result 1], E6], that, for a given plant, for some function 0(t suc that ~Itje
Poles and Zeroes can be arbitrarily placed with -X~t ~)1fxt ~~) ~
appropriate Cipstorsas in Fig. 1. If the Y(tl *Ot(t);
plant parameters are n exactly, then the Z denotes L4l ce Transform operation.
control input which gives the desired behavior is
of the fore 1. Statement of te Prblem

*U -t * 1 (t). A continuous time dymmaic system (plnt) can
1(t) being fttered versions of the plant iniput be described by the linear tin me in a t, nun-
And output, and K' an army of constnts. In autonomous differetial equation
case of plant unomi , or partially known, t (1.1) N(p) x(t) ODa(p) v(t)
input assumes thm form wih p(p) w pi n  .h ...

rM -t AMT 1(t). +n ' +A
WWera &t are adopted in orderto have LAt)..K'. fipp) bo+bPID* ... + N

In the hybrid s which Will be The following assaitions are mafm on the
subject of this paper, the set of par tesA(t) plant Pamters:
are updated by a digital computer at discrete (I) the values of a , 1el, ... , a bA , 14 ,
intervals of tim {M), and the OtinVous-tim ..... as an 1 ;
natureofv(t) Is preserved.(Ii) i n-1 i ;

The overall sehe- of the control system Is [iii) 1h plont is minim phases i.e., toe poly-
shinin in Fig. 2. -nmlOW pIs~s wIta

Recently, hybrid alorithme for edaotlve (iv) th sip of be is know, as an bouim a

AWo?.4 for publo 1 OM *
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- d ba.g Worne bSN 2Lbe tb oe tms.) ~
VI~M t, loss of generlity, boe 0  wil bes gjt tj ) *oux

asumd al 9(k) eXP .O(tk-T)WI(TO

with OWN) ' on Sipp-' + ... + am m ~uwltta Introducing the au.ili )network
the design objective Is to determine an inputto (26UT) k().qk uk

the such that for some Eo 2., tj with %(k) I e(tgt) +y(k), equations (2.4) and
(1.3~j) j J go for every t A.tp, (2.6) oild

(13)ho" (t xt (2.) n(k) Akn(k-l) +L'(k-l) j(k) + * )

IN partilarr. estrict the Input u(t) to be of Whem) qk
the form a [a(k) 6 k TQk) 40k]

(1.4) u(t) * Ki(k)t(t), for utkt+, 1) (28ix~f nk) 1()

WoSV K (k), le. 2, ... n is a set of gains Let us choose
u"dated only at discret instanit$ {tk), and 01 (t) am2:91wk KW(k)l)9(k).
ame continos tim, observable state variables of then 1)bn~ "keAkk-LIIWWY1)i~)
the system. Sw(W~ukj A(k) + iT-k)..)j)
2. The Error ""*Il which in h uene error equation.

It has been shows In (13 that constant 3. Adeotive Law
veCturs hai and Ix exist such that

(2.1) Ih(p)eSt - Dw(P)E-bof(t) * h'Aa(t) 1 The equations in the previous section hold
. Wj~t) Ko~~t)3for any saling sequence (to. an which no

Wh ~ txthe folwn defint)Jn petin ypothiesis has bees made so far.
~ret hejn~otm ~defnitions ertain:If we Suppose (tkl be a sqec iha
pr-'+clpAl* +... +cp,.l is a infinite NOWe of elments. thenit is anl

Hurwitz Polynomial such that 06(p) is Strictly know result-CZI, [3J-that equation (2.10) and
%T7the following aptive lI

Positive Real (S.P.R.); (3.1) Jk : j I F (k)ITid
WOu(t is Such that 0$~p)uf(t) a ide) where k1Y MInk

Of() 1--1+ IP"94 -- +Fp.1is any aw~k) a aw(k-l) + I - (k) nk
Hurwitzpolynomial of degrees..mWl; VIMuig L 'l.)yl23n(i

- t(t). 1.0, .... R-? are solutions of wt il !-,Ia1N -12sn4.1)
CjP0y(P)%l(t) - p UMt; Yi , Vw 0. yield ((k)) be a uniformly bounded

A- WIO .. n xare solutions of sequence, MWd mormover

- (t) is solution of D,(p)'(t) - r(t). (32) owd)
If we choose U(p) m (p'u)OW(p), with a X, 0. a (3.3) lim (k) n(k) a 0
SeqvUenc 00,) and bm

(2.2) vf~t) - VT (k)k, C) + &T(),(t) *Let us define the cogtral input as

* w KTk)O(t) + wv It). for teaC%, tcsli) (3.4) u(t) - fi'(k) (t). t c (t. tk~l)
* (2.3) (ps)e(t) + i,()C)*j(k).(t)+ (3.5) (0 4-0-1m) 1(t) t

f(k) Ct) - bewi(t , for tk~i, tkIcl) equation (3.4) V 12 MTh4osm
(3.6) i (t) a uf(t -~k )

Wm j()2j~)-bdj. j uxoo. t a rEt %*)*In Wist follows. the - --- S%(k) Will be which, togethr With (2.5). gives the remalni
called the Adaptive Gains, and mill be updated at input fa the maxlliary neben
the sltng10 instan (tk) only. PlrNetsm, the MY.) oei(k) * lAjA) - £Yklr ) (k)input u(t) fas to be determined suct that (1.3) Is

If(2.3) Is sampled at Intant (tk). the (3.8) Mk OP -O(tk-r) NK f -v

$MISS of the error ame WOlte byth-1Ivt1
tieVariant di ffac equation4. WI jMjd jbM(2.4) e~k a A(tk.1) # LT~k.l)i,(k) + .Siiii dIln d

jx~.j .(k + #(k.T),4(k) . bell(i) A svitable choice ofIN 1
ofet" we deft"e IlSa ~W#s.f(d

A -1; thj at i f the Sotut of the fu Pp W IthIut
k Se(-61k md n asoillatisg fahion, we might dues

(2.5) jj(k) - ji~tc) - Ak- lCtkc.).-(k uh ht0 forevuY ke and U&
J pla w~~;n aer be updatd.



3 -

A uuffilout requlrt On the smling @itschha
sequence Can be stated a folIVm: (4.9) IeS~P UP e(0)I

Thum4.1.Lot the samplng seqAmm(: have
anlnisNmber of taON. ed be sc Ft0,WI C IGJ0

(4.1) sup e(s)f 0CUpI*(tRfl]. plresve, let us define a sequence of
s__n 044  Integers {ki) sod. that

Tath r*Pd system descrihed in the previous (4.10) tkg~l 1 tj tksection Is uniformly stable ead () ,
(4.2) lie a(ti) a0 Ipro (turnasfto (4.6g

INS E123- iLam4. h~r(t 1 )au9IN(4-10) W =mnwrlte

The cenitral idea contained In-Theoran 4.1 Is$ 14.11) Ie(tk5)I LI. ae"Tkj Ie(4j)I
that stability of the overall systen is guaranteed for some contat no 3, 0, % as In (4.4) and
if thesaled error ((t 1)lgrow at the nu Tk itk -tk.l.
sateda h ontiuu (4.1) ero Is*f The definition of (ti1) in (4.5) Implies
rtted as the1) contnuou eves eo staeplisng Instant

Notice that th s 1* chn (4.12) J*(tk)I t.e(tk).
discussed In C41 satisfOie4.1 -a f 4.1Comining this with (4.3) we obtain
2]3-and then can be Ilemnted to obtain
stability In an almost sure Sams. (4.13) Ie(tkj)t I .co I-~j k e(dfdrId.

In what follw a variable rate samling
scheme will be discussed. in which the samplng k-
Instants are determined by the comparison of a The adaptive gain being bounded and the error
filtered version of the errwith the error ga ihu on ilsteieulte

Let 4(.) be such that (4.14 *etj~N spI~

(4.3) Smt a co I e-Ig)tdw for som positive constUnti ad

with Wfo(4.15) Jt 915 Ie(t)Ide mlin (i'p Tk) (j )
(4.4) 0 -c co -c I -c b il. i-I. ... Z-1, til-1
an (j.1., 2n-I) being the zeres of the Finally. inequalities (4.13). (4.15) and

mom 2t polynomial 0m(s)0r(s)0u(s). Then the Tkj LT1 prove the I .

thawuch ca be pro3ed seIec tti I error grown withoutbound then

(4.5)'V tk41. nln (t:erI zI(. v)~a instant (2.4). (2.7) the
With qT arbitnrpositive constants, and G(-) sampled ero satisan k tisfies the equation

s si hn Aat e iCotl (4.16) e(t15) - e'O1 kj a(t111 l) - q(kj) +
folleting properties: ,k nk-)+wk)+y jk IItk)11 the erroer Ie(.)l Is uniformly bounded; Tk w(kl)*wj) 'Iij)Jk 5
III the samling sequence (til) is a finite It Is showu In Ell] that

iii); (417 exsssuhtatv(kj) + T I Ji(kj) I 12(kj) I 109)e(j) I
(4.6) f e ist Suchorevr tt . for smn sequenc (B(S) such that lie se(.O

Ilefew going nfto the. details of this Theorem -~'thinm by (4.10), (4.9) ead (4.11). the
som technical Ims need t be proved. An WoiSMI N1 inequality hold$

*eale of sequenc a in (4.1) Is- s-1N in Fig. (4.18) IeNSt 1 1  IeOiUjI *&Te'khl(t1)I

3. C011111 eqaton (4.16), (4.17), (4.18) we
amuec fk n(. I ninite (4.19) 1e(t 11)I e-(*)kj* £(J1lOe( )t

~'UhegerueI~SU 1 that b ~
(4.7) Ie(t)I 4max (90, 6(t)), foa gge?. where a - k * 0 l 4.4). Or th eslt In (3.2),

CWnbiuiinthis with (4.3) weebtaiut, ftrorteft anibeing Ie00t1k I* 1 0 @ ~ u Oef'N
14.1)A(t) -g - a e~t) + ce ma (Is. e(t)). fell.. raw fe~ulfty (4.19).

lneueltie(4.),(4.7). (4.4) courdict
th w W~e ithout bln t& LtuassPee ase err

toash following 1.mms An am results are bdu Th
d~iedafenUserergroe abos . f hi i ~ . is I fn e go end by

obaie 06 e the ero IW vrnm uOnb Ofu Nded IfW h. V 4.3 th samled .r, satisfim;
Is ta m. anInfnit seqsec of nstnts(4.1). get Traw 4.1 canti adicts tgm errer



* gseng itoutbond.Th I is proved. E83 A.S. Nurse: 'Slobal Stability ofParmeter-
an the I n ome Adaptive Contro Systmg 19 rn.Atm

V-byThearme 4.1 equation (4.2) holds, which ~ 3*iVlAClJn 11
C"ntradMicts with the fact that 1*(t*.I'0 for
e"erk. Thm(tk)canobe animfl s *m E91 LaC*go w, P.l. f d. P.. Calm's:

"Fially Iii) coa from the fact that, by ii), 'Discret Tim Riti-Va iable Adaptive
a Instant t' exists such that A-5.(4.20) O an* (. 11 t) vr to

inig 4.0)tI 4. we obtain [10 I.C Ladu N.M. Slveirs: -A Stability
(4.21) i(t) a- e (t) cc UKm (10. 6(t)). wTermwtAplcio todaiv o is
MWd than am instant t± 3"t exists such~ that Termwt Apl iati o l. Aa2 ptiv 30nt5l-
(4.22) g(t) t o.for eeyt~ ill AC-. PP.ly0.

Inequalities (4.21) and ) prove the last vl
Ell] P.1. gmthrop: 'Hybrid Salt-Trning Control.P i s, Vol. 127, ft. 0, No. S.

Conclusion4

An algortm for hybrid adaptive control for £121 A. Crfstf, N.Y. NO iopali: OStablo Algortm
singe-lputsinle-utpu sytemshasbe"for Hybrid Adaptive Control Systmn.' Technical
singe-inut, ingl-outut sst hs benReport UISSS APOSR21, Parch 1962.

described.
The gains are updated at a variable rate, and

the .inii. tift tem - aswles can be set
arbitrarily large. Uniform stability of the

clsdloop syse is guaranteed, and the mgni-
tieof the error can be driven saller than an

Arbitrary threshold, in a finite number of adap.-
tation steps.

Nothing has boon said on the perfoonce of
the lgoith in resnceof disturbances and
unmoele dyoic, wichis the subject of

current rusearth.
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